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Neutron-scattering experiments on (VO)2P2O7 reveal both a gapped magnon dispersion and an un-
expected, low-lying second mode. The proximity and intensity of these modes suggest a frustrated
coupling between the alternating spin chains. We deduce the minimal model containing such a
frustration, and show that it gives an excellent account of the magnon dispersion, static suscepti-
bility and electron spin resonance absorption. We consider two-magnon states which bind due to
frustration, and demonstrate that these may provide a consistent explanation for the second mode.
PACS numbers: 75.10.Jm, 75.40.Cx, 75.40.Gb
Vanadyl pyrophosphate ((VO)2P2O7, abbreviated
VOPO)1 is a low-dimensional quantum magnetic system
composed of S = 12 V
4+ ions. These have Heisenberg an-
tiferromagnetic (AF) interactions, and a singlet ground
state1 with spin gap ∆ = 3.1meV. Based on suscepti-
bility and neutron-scattering experiments on powders,
VOPO has been compared in detail to spin-ladder and
alternating-chain models,2 both of which were found to
be consistent with the data. Rising interest in spin lad-
ders, along with the assumption that the strongest ex-
change paths would be those between V4+ ions with the
smallest separations, led to a preference1,2 for the ladder
conformation, and for several years VOPO was quoted as
the first known spin ladder system.
This picture was conclusively debunked by Garrett and
coworkers, who performed the first neutron-scattering
measurements on aligned single crystals of VOPO.3
These demonstrated unequivocally that the strongest ex-
change path in the system (J1) was a double V-O-P-O-V
link through phosphate groups in the crystallographic b-
direction, while the next (J2) was a double V-O-V link
between edge-sharing VO5 square pyramids, also along
bˆ. The V-O-V bond along aˆ through the apex of the
pyramid, believed to be the strong ladder leg, was found
to be very weak. The strength of the V-O-P-O-V bond
was verified independently4 in the related compound
VODPO4.
1
2D2O, where it appears in isolation. These re-
sults are not unexpected, because the single electron on
V4+ in a square pyramidal environment occupies the dxy
orbital in the basal (bc) plane of the unit. They lead to
the interpretation of VOPO as a set of dimerized chains,
with coupling ratio λ = J2/J1 ≃ 0.8.
5
The same experiment obtained the most detailed mea-
surements to date for a second mode with gap 5.7meV.
This was identified from a previous study6 as a candi-
date two-magnon bound state. In addition, the inter-
chain coupling was deduced to be weakly ferromagnetic
(FM), a result unexpected for a conventional, long su-
perexchange path. We begin from the observation6,7 that
frustration can act to promote bound states between ex-
citations, and the hypothesis that the FM interchain cou-
pling in fact results from a competition between two AF
couplings. We will deduce and justify the nature of such
a frustrated, two-dimensional (2d) model for VOPO, and
show that it provides the basis for a complete account of
the magnetic properties of this material.
The structure of VOPO was determined in detail by
Nguyen et al.8 The b-axis alternating chains are coupled
along aˆ by either the V-O-V path through apical O, or
by V-O-P-O-P-O-V pathways through two PO4 groups,
while c-axis coupling (see also Ref. 1) proceeds through a
single phosphate unit. Quantitative superexchange cal-
culations, particularly for extended pathways, remain be-
yond the scope of current understanding and computer
power,4 particularly for the V ion. We adopt here a qual-
itative approach of identifying paths coupling strongly to
the V dxy orbital, and using consistency with experiment
to construct the minimal set of necessary interactions.
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FIG. 1. Schematic representation of the VOPO system,
showing frustrated coupling between dimerized chains.
We discard the possibility that the V-O-V bond along
aˆ is significant, because its direction is orthogonal to the
dxy orbital. We argue instead in favor of the V-O-P-O-P-
O-V path, due to the demonstrated importance of phos-
phate groups, and because bond angles throughout its
length can remain close to 180o. Such paths connecting
V ions separated only along aˆ (Ja), and those separated
both along aˆ and by one ionic spacing along the chains
(Jb), are in principle rather similar, which presents the
possibility of frustration. However, there are 2 types of
V-O-P-O-P-O-V path, those connecting into the phos-
phate groups mediating J1 and those connecting to the
O atom concerned in J2. If the latter were significant,
one could expect in addition a strong c-axis coupling,
1
which is not observed.3 We assume therefore that path-
ways of the second type are strongly suppressed by the
angles and orbital configurations in the V-O-P overlap,
and concentrate on the resulting 2d model in Fig. 1.
Here J1 = J is set to 1, λ is defined above, and
µa = Ja/J and µb = Jb/J parameterize the competing
V-O-P-O-P-O-V superexchange interactions. We exclude
a second-neighbor intrachain coupling, due to both the
lack of a suitable exchange pathway and the minimacy
criterion, as it is found not to be important to any of the
quantities we will compute. That µa,b may be significant
is shown by a high-temperature expansion9 of the static
susceptibility χ(T ). This gives the Curie temperature θc
as the sum of the interactions of a structural unit accord-
ing to θc = −
1
4J [1+λ+2µa+2µb]. Comparison with the
measured θc = −84K
1 suggests that the chain couplings3
alone satisfy at most 75% of the sum.
We analyze this model using the method of Ref. 9.
Taking the strongest (J1) bonds as the sites of dimers,
whose singlet ground states may be excited to triplets,
the interactions permit delocalization, or hopping, of the
triplets. The hopping gives a kinetic energy which lowers
the bond singlet-triplet gap to the physical one, and a
description of a dispersive, triply-degenerate 1-magnon
excitation in 2d reciprocal space. While this technique is
best suited to strongly dimerized systems, perturbation-
theoretic calculations9 show rapid suppression of higher-
order contributions even for rather weak dimerization,
and thus internal consistency.
We have calculated the coefficients for hopping of a
triplet excitation by perturbative expansion to 5th order
in the parameters of Fig. 1. Contributions beyond 3rd
order indeed remain small (∼3%), and we illustrate the
method to this order. Let tij be the coefficient for the
excited triplet to hop by i dimer bonds along the chain,
and across j chains, and µ± denote µa ± µb, then
t00 = 1− λ
2/16 + 3λ3/64 + 3µ2−/4 + 3µ
2
−µ+/8
t10 = −λ/4− λ
2/8 + λ3/64 + λµ2−/16
t01 = µ−/2− µ
3
−/8− 5λ
2µ−/32
t20 = −λ
2/16− λ3/64 t30 = −λ
3/128 (1)
t02 = −µ
2
−/8− µ
2
−µ+/8 t03 = µ
3
−/16
t11 = λµ
2
−/8− λ
2µ−/32 + λµ−µ+/16
t21 = 3λ
2µ−/64 t12 = −3λµ
2
−/32.
The mode dispersion is given most straightforwardly by
ω(q) = J
∑
ij
2(2−δi0−δj0)tij cos(iqy) cos(jqx), (2)
although in fact to this order one obtains a better fit by
expanding the (smoother) quantity ω2(q).
The measured dispersion data for the lowest-lying
mode in Ref. 3, combined with the condition on θc, al-
low one to fit the optimal model parameters as the set
(J, λ, µa, µb) = (10.7meV, 0.793, 0.203, 0.255), which cor-
respond to the superexchange interactions
(J1, J2, Ja, Jb) = (10.7, 8.49, 2.17, 2.73)meV. (3)
The various fits offer minor differences in the exact shape
of the dispersion curve, with the higher-order calculations
returning a very good description of the overall form. For
clarity we show only the 5th-order fits in Figs. 2 (a) and
(b) for the reciprocal-space cuts where data is available.
The results (3) may be used to predict the form of the
1-magnon dispersion where it has not yet been measured,
and this is shown in Figs. 2(c) and (d). We expect the
upper band edge to be observed at 15.9meV.
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FIG. 2. Magnon dispersion (solid lines), continuum edge
(dashed lines) and bound S = 1 states (dotted lines) for (a)
(0,2pi − q), (b) (q,2pi), (c) (pi, 2pi − q), and (d) (2pi − q, pi).
Symbols are data taken from Ref. [3].
The primary features of the optimal parameter set are
as follows. The alternating chains have the rather weak
dimerization λ ≃ 0.8, or δ = (1− λ)/(1+ λ) ≃ 0.11. The
interchain couplings are significant, with a magnitude 20-
25% of the primary chain energy scale. The cross cou-
pling Jb is slightly larger than the pure a-axis coupling
Ja, which is required for a net FM interchain dispersion,
and fully plausible from above Fig. 3 shows the density
of states determined from the dispersion. The dominant
feature is the logarithmic singularity at the saddle point
(pi, 0), with energy 4.55meV. This energy, and not simply
the minimum gap ∆ = 3.1meV at (0,0), will play a sig-
nificant role in determining thermodynamic quantities.
We next consider two further magnetic properties for
which independent measurements are available, to deter-
mine the consistency of the model and parameters. The
static, uniform susceptibility χ(T ) was first measured for
powder samples,1 and more recently for single crystals.10
The susceptibility to applied field H measures available
excitations with ∆S = 1, so is primarily a probe of the 1-
2
magnon branch. It is given in general by χ = −∂2F/∂H2,
where F = −β−1 lnZ is the free energy and β−1 = kBT .
In the dimer model, an excited triplet is effectively a
hard-core boson, because only one such state is physi-
cally possible on each bond. Thus thermodynamic cal-
culations require a correction from Bose statistics to ex-
clusion statistics appropriate for triply degenerate exci-
tations. The free energy per dimer is11
f = −β−1 ln{1 + [1 + 2 cosh(βh)]z(β)}, (4)
where h denotes gµBH and z(β) is the partition function
for a single mode. The susceptibility per site is then
χ0 = βz(β)/ (1 + 3z(β)) , (5)
in which the denominator suppresses the Bose result at
high T by excluding multiple mode occupation.
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FIG. 3. Density of states for computed magnon dispersion.
While the statistical factor corrects for state availabil-
ity, it does not take account of magnon interaction effects.
These we may include within the following mean-field
scheme. Approximating any interaction term with a spin
on a neighboring dimer by Ji,i+δSi·Si+δ → Jδ〈S
z
i 〉S
z
i+δ ≡
JδmS
z
δ , the instantaneous magnetization per site m con-
tributes to an effective internal magnetic field
hint = −mJλ− 2mJ(µa + µb) ≡ −mC. (6)
The susceptibility is defined by m = χhext, while the
magnetization m = χ0htot, where htot = hext + hint is
the total field at each site. Simple rearrangement yields
χ = χ0/(1 + Cχ0), C = J(λ + 2µ+), (7)
as the mean-field, interaction-corrected susceptibility.
In Fig. 4(a) is shown the quantity χ(T ) (7). The
agreement with both powder and single-crystal data is
good. Qualitatively, both the exclusion statistics factor
and (Fig. 4(b)) the mean-field correction are required
to deduce χ(T ) within this framework. Quantitatively,
the temperature Tmax of the peak in the model is 58K,
rather lower than both data sets, while χmax is fraction-
ally smaller. This latter result corroborates the presence
of frustrating interactions, whose mean-field correction
gives a suppression. From Fig. 4(b), the model θc is in
excellent accord with the data.
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FIG. 4. (a) χ(T ) from model parameter set. Deviations
from measured data10 are discussed in text. (b) χ−1(T ) with
(solid line) and without (dashed) mean-field correction.
The discrepancies between calculation and experiment
may be analyzed by applying the triplet hopping theory
with mean-field correction to the dimerized chain. For a
chain with λ = 0.8, the resulting χ(T ) is directly com-
parable with essentially exact numerical simulations.12,2
This comparison (with Figs. 2 of Refs. 12 and 2) reveals
that Tmmax/T
n
max ≃ 0.75, while χ
m
max/χ
n
max ≃ 1.2, where
superscriptsm and n denote model and numerical results
respectively. The first ratio is very similar to the discrep-
ancy between model and experiment above. The second
suggests further that in 1d the mean-field correction is
not sufficient to reproduce interaction-induced suppres-
sion of χ, whereas improved agreement is achieved in 2d.
We conclude that deviations from the data arise primar-
ily because the calculational scheme cannot fully account
for magnon interactions, and not due to any intrinsic
shortcomings of the model.
ESR experiments have also been performed on pow-
der and crystalline VOPO samples, and we focus on
the latter.10 For linearly-polarized (microwave) radiation,
which excites transitions of ∆Sz = ±1, the power absorp-
tion is given13 by the imaginary part of the susceptibility
χ′′(ω) = piδ(h¯ω − h) sinh(βh¯ω)
∫
d2k
(2pi)2
e−βω(k). (8)
Including the hard-core boson constraint as above, the
intensity at the resonance frequency h¯ω = h is
I(β) ∝
sinh(βh)z(β)
1 + (1 + 2 cosh(βh))z(β)
. (9)
This quantity contains in principle the mean-field cor-
rection in the form h = hext − Cm. However, for the
3
strongest resonance at 134GHz ∼ 7K, the sinh function
is linear at temperatures on the order of ∆, and alter-
ations of h affect only the prefactor.
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FIG. 5. ESR absorption from model parameter set, show-
ing excellent consistency with observation.10
The calculated ESR absorption at 134GHz is shown in
Fig. 5 with the data of Ref. 10. The excellent agreement
indicates the importance of the 2d density of states, in
particular the energy of the logarithmic singularity (Fig.
3). While the ESR absorption is often considered to mea-
sure a q = 0 property akin to χ(T ), we note here a signifi-
cant difference between the two in experiment. Theoreti-
cally, the triplet hopping approach yields a single energy
scale for both quantities, which is in more satisfactory
agreement with the ESR absorption, indicating that this
is rather less sensitive than χ(T ) to magnon interactions.
We conclude with a brief analysis of possible bound
states of two magnons with the computed dispersion,
to seek an explanation for the observed second mode.
The initial perturbative problem, represented generally
as H = H0+αH
′, may be brought by a continuous, uni-
tary transformation14 to a new Hamiltonian Heff which
conserves triplet number ([Heff , H0] = 0). This procedure
is conducted perturbatively in α to generate a series for
Heff . The action of Heff on the sector with one triplet
gives the one-magnon dispersion, while on the two-triplet
sector with total spin S = 1 it yields the two-magnon con-
tinuum and contains in addition magnon interactions. At
fixed momentum one obtains a 2-body problem soluble
by La´nczos tridiagonalization, in particular for the en-
ergy of (triplet) bound states. The number of interac-
tion coefficients rises very rapidly with order n in α. We
have completed calculations for n = 3 and 4, finding only
small alterations (≈ 2% of the continuum edge energy),
but caution that these remain potentially significant.
The predicted dispersion curves for the two-magnon
bound state, computed at 4th order, are shown as the
dotted lines in Fig. 2. We find that with the parame-
ters fixed as above, the bound state does appear as an
excitation mode below the continuum over a large part
of the Brillouin zone. However, this is not the case close
to the band minimum, where it is lost in the continuum.
While we thus do not always find a second mode below
2∆ in a consistent treatment, the discrepancy between
the computed bound state and the observed resonance
is not large: it is reasonable to postulate that forthcom-
ing refinement of this calculation, and possible extension
of the model to include further interactions, will indeed
yield a quantitative explanation of the second mode.
In summary, we have presented a model for frustrated,
2d coupling in (VO)2P2O7. The model gives an excellent
and fully consistent account of the available data concern-
ing elementary excitations, namely the 1-magnon disper-
sion, static susceptibility and ESR absorption. We use it
to predict the dispersion in the entire Brillouin zone, and
to indicate the origin of the observed, low-lying second
excitation mode as a triplet 2-magnon bound state.
During completion of this work, we became aware of
the contribution of Weisse et al.15 These authors investi-
gated the same model, albeit without the physical justi-
fication presented here, by diagonalization on small (up
to 4×8) clusters. Their results are qualitatively in good
agreement with our expectation that frustration should
promote bound states. Quantitatively, the parameters
chosen differ considerably, and we would not expect to
see good agreement with susceptibility and ESR data.
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